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Abstrat
R. Hartshorne onjetured and F. Zak proved (f [5, p.9℄) that any smooth non-
degenerate omplex algebrai variety Xn ⊂ IPm with m < 3
2
n+2 satises Sec(X) = IPm
(Sec(X) denotes the seant variety of X ; when X is smooth it is simply the union of
all the seant and tangent lines to X). In this artile, I deal with the limiting ase of
this theorem, namely the Severi varieties, dened by the onditions m = 3
2
n + 2 and
Sec(X) 6= IPm. I want to give a dierent proof of a theorem of F. Zak lassifying all
Severi varieties. F. Zak proves that there exists only four Severi varieties and then realises
a posteriori that all of them are homogeneous ; here I will work in another diretion :
I prove a priori that any Severi variety is homogeneous and then dedue more quikly
their lassiation, satisfying R. Lazarsfeld et A. Van de Ven's wish [5, p.18℄. By the
way, I give a very brief proof of the fat that the derivatives of the equation of Sec(X),
whih is a ubi hypersurfae, determine a birational morphism of IP
m
.
I wish to thank Laurent Manivel for helping me in writing this artile.
1 Preliminary fats about Severi varieties and an ex-
ample
In this setion, I state results of F. Zak (f [5, p.19℄). The reader an nd the details
of their proofs in my preprint written in frenh (f [7℄).
Let X be a Severi variety and Sec(X) its seant variety. Let, for any P ∈ Sec(X)−X,
QP := {x ∈ X : (xP ) seant or tangent to X} and ΣP :=
⋃
x∈QP
(xP ), the union of
all seant and tangent lines through P. It may also be desribed as the one on P with
basis QP .
Theorem 1.1 For any P ∈ Sec(X)−X,
 a : QP is a smooth
n
2
-dimensional quadri, and ΣP is a (
n
2
+1)-dimensional linear
spae.
 b : ΣP ∩X = QP
AMS mathematial lassiation : 14M07,14M17,14E07.
Key-words : Severi variety, seant variety, Zak's theorem, projetive geometry.
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  : ΣP −X = {P
′ ∈ Sec(X)−X : TP ′Sec(X) = TPSec(X)}
 d : ∀P ′ ∈ Sec(X)−X,QP = QP ′ ⇔ P
′ ∈ ΣP
Theorem 1.2 Sec(X) is a ubi hypersurfae singular exatly on X.
Their proofs imply the
Lemma 1.1 Let P ∈ Sec(X)−X and M a (n
2
+2)-linear spae ontaining ΣP and not
ontained in TPSec(X). Then their exists x ∈ X − ΣP suh that
 (i) M ∩X = QP ∪ {x}
 (ii) M ∩ Sec(X) = ΣP ∪ C(x,QP ) (C(x,QP ) is the one on x with base QP )
Now let's study the example of IP
2×IP2, whih is the variety of 3×3-matries of rank
1 in IP
8 = IP[M3(C)]. It is indeed a Severi variety sine matries in Sec(X) have rank at
most 2 ; and we an see from this that Sec(X) is dened by the determinant, an equation
of degree 3 (f theorem 1.2). If P = M +N , with M,N ∈ X and P ∈ Sec(X)−X , we
have rk(P ) = 2, Ker(M) ∩Ker(N) = Ker(P ) and Im(M) + Im(N) = Im(P ). Let's
onsider the ase where P =
(
Id 0
0 0
)
, we an then easily ompute that :
ΣP =



 a b 0c d 0
0 0 0




and
QP = ΣP ∩ {ad− bc = 0}
This illustrates theorem 1.1. We now go on analysing this partiular example so
as to prepare the general method : let F be the symmetri trilinear form suh that
F (M,M,M) = det(M), namely forMi = (Ci,j)1≤j≤3 any matrix onsidered as 3 olumn-
vetors (i = 1, 2, 3),
F (M1,M2,M3) =
1
6
∑
σ∈S3
det(Cσ(i),i)i
Identifying a matrix with its orthogonal hyperplane for the anonial bilinear form,
one an easily ompute that G˜ : M → F (M,M, .),M ∈ M3(C) is just the omatrix
appliation and then the fontion G dened by G(M) = F (M,M,.)
F (M,M,M)
is an involution out
of Sec(X) as it is the inverse appliation. On the other side, we may dene a regular
fontion on IP
m − X whih oinide with G on IPm − Sec(X) (by setting G(M) =
Com(M)) and this morphism veries G[Sec(X)] = X . We are going to see that all of
this an be proved in the general ase, exept for the fat that we won't identify a priori
IP
m
and IP
m∗
.
We are also going to show that any Severi variety is homogeneous. For any variety Z,
let Z∗ be its dual variety, that is the variety of all hyperplanes tangent to Z at one point.
In the example we have onsidered, any invertible matrix yields a linear isomorphism
2
LM between IP
8
and IP
8∗
(namely LM(B) is the hyperplane in C
9
orthogonal to the
matrix −M−1BM−1 for the anonial salar produt 2). This isomorphism maps X on
Sec(X)∗ and, forM and N varying, the endomorphisms of IP8 (LN)
−1 ◦LM restrit to a
family of endomorphisms ating transitively on X , proving X 's homogeneity. The same
will be shown to be true in the general ase.
2 Homogeneity of Severi varieties
Let Xn ⊂ IPm be any Severi variety , Y = Sec(X)∗ ⊂ IPm∗, and as before F a
symmetri trilinear form suh that v ∈ Sec(X) ⇔ F (v, v, v) = 0. We will simplify the
expression F (v, v, v) in F (v). From now on, all elements will be onsidered as elements
of Cm+1 (and not IP
m
) and we will denote the same way varieties in IP
m
and their ones
in Cm+1. For w0 6∈ Sec(X) and w ∈ C
m+1
let us denote by Lw0(w) the linear form
2F (w0)F (w0, w, .)− 3F (w0, w0, w)w
∗
0, where w
∗
0 stands for the linear form F (w0, w0, .).
Let us also notie that Lw0(w) and the dierential Dw0G(w) are olinear if G stands for
the rational map w 7→ w
∗
F (w)
we have just mentionned.
Let w0 be xed and x ∈ X suh that w
∗
0(x) 6= 0. I am going to explain the geometri
meaning of Lw0(x). Taking into aount the fat that x
∗ = 0 (X is the singular lous of
Sec(X)), we know that x+ λw0 ∈ Sec(X) if and only if λ = 0 or λ = λx := −
w∗0(x)
F (w0)
.
On the other diretion, let Hw0(x) be the tangent spae to Sec(X) at x + λxw0. The
equation of this hyperplane is F (x+ λxw0, x+ λxw0, .) = 0, or Lw0(x)(.) = 0.
So Dw0G(x) is the equation of the tangent spae to Sec(X) at the other intersetion
point of (xw0) with Sec(X) if x stands outside the hyperplane w
∗
0 = 0. SoDw0G(X) ⊂ Y .
In the opposite diretion, if P ∈ Sec(X)−X veries w0 6∈ HP := TPSec(X), we know
from lemma 1.1 that there exists a point xP in X ∩ (ΣP + w0) − QP , and then xP is
suh that Dw0G(xP ) = HP . As Y is known to be non degenerate, Dw0G(X) ontains an
open subset of Y and we have the
Proposition 2.1 If w0 6∈ Sec(X), Dw0G is a linear isomorphism from IP
m
to IP
m∗
suh that Dw0G(X) = Y .
Corollary 2.2 X is homogeneous.
Proof : Let x, x′ ∈ X ; it is enough to nd w,w′ 6∈ Sec(X) suh that DwG(x) =
Dw′G(x
′). Let HP ontaining neither x nor x
′
; w in ΣP +x and w
′
in ΣP +x
′
ahieve it.
•
3 Classiation of Severi varieties
We now want to prove Zak's lassiation theorem (f [5℄)
Theorem 3.1 There are only four Severi varieties, namely :
2 LM (B) = dGM (B) ; in the seond part, we are going to see the interest of this fontion.
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 n=2 : X = V ⊂ IP5, the Veronese surfae
 n=4 : X = IP2 × IP2 ⊂ IP8
 n=8 : X = G(2, 6) ⊂ IP14
 n=16 : X = E6 ⊂ IP
26
The reader may nd in [5, p.13℄ elements to understand the onstrution of E6 and
the fat that it is homogeneous under E6.
Proof : Let V = Cm+1. Let H be the group of automorphisms of IPV preserving
X . As H ats transitively on the non-degenerate homogeneous projetive variety X , it
is a semi-simple subgroup of PGL(V ). Let π be the projetion SL(V )→ PSL(V ) and
G the identity omponent of π−1(H). G is again a semi-simple subgroup, and V is an
irreduible G-module.
If G is not simple, we may write G = G1 × G2 with non-trivial G1 and G2 ating on V1
and V2 suh that V = V1⊗ V2. Let ni := dimXi and ni+ δi := dimVi (then δi ≥ 1). For
X = X1 × X2 to be a Severi variety , we need
3
2
(n1 + n2) + 3 = (n1 + δ1) × (n2 + δ2),
whih leads to : (n1n2) + (δ2 −
3
2
)n1 + (δ1 −
3
2
)n2 + (δ1δ2 − 3) = 0.
If δ1 ≥ 2 and δ2 ≥ 2, all the terms of this sum are positive ; we an then suppose
δ2 = 1, whih gives (δ1 −
3
2
)n2 + (n2 −
1
2
)n1 + δ1 − 3 = 0 and so δ1 ≤ 2.
If δ1 = 2, the equation gives n1(n2 −
1
2
) + n2
2
− 1 = 0 so n1 = n2 = 1. In this ase we
get X = IP1 × ν2(IP
1) ⊂ IP1 × IP2 ⊂ IP5, whih is not a Severi variety .
If δ1 = 1, we get (2n1 − 1)(2n2 − 1) = 9 and, if n1 ≤ n2, n1 = n2 = 2 (we then get
IP
2 × IP2) or n1 = 1 and n2 = 5 ; in this ase the variety would be IP
1 × IP5 whih is
not a Severi variety .
If G is simple, we take a Borel subgroup B ⊂ G and a maximal torus T ⊂ B ; let g be
the Lie algebra assoiated to G and h the Cartan subalgebra assoiated to T . Let then
∆ be the root system, and ∆+ the set of all positive roots, whih by denition we ask
to orrespond to B. Let λ be the highest weight of V , µ = w0(λ) the lowest weight, lλ
and lµ the assoiated lines of eigenvetors. Let eλ ∈ lλ and eµ ∈ lµ dierent from 0 and
s = eλ + eµ.
Lemma 3.1 Sec(X) has nitely many G-orbits, and s is in the open one.
Proof : By the Bruhat deomposition theorem, we see that X ⊂ IPm has only
nitely many π(B)-orbits so Sec(X) has only nitely many G-orbits. Let Bλ and Bµ be
the stabilizers of lλ and lµ. Let for any root α, gα be the assoiated root spae of g.
Letting n+ =
∑
α∈∆+ gα and n
− =
∑
α∈∆+ g−α, we know that g = h ⊕ n
+ ⊕ n− and
that the Lie algebras assoiated to Bλ and Bµ are h ⊕ n
+
and h ⊕ n−, so that BλBµ
is a dense subset of G. Thus Bµ.lλ = BµBλ.lλ ontains an open subset U of X = G.lλ.
Consequently, the G-orbit of lλ × lµ in X ×X ontains U × lµ and so G.(U × lµ), whih
is dense in X ×X .
•
Terraini's lemma (f for example [6℄) allows us to onlude that
TsSec(X) =< TeλX, TeµX >.
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As X = G.lλ, denoting by Vα ⊂ V the weight subspae assoiated to the weight α,
TeλX = Ad(g)lλ = lλ ⊕ (⊕α∈∆+Ad(g−α)lλ) ⊂ lλ ⊕ (⊕α∈∆+Vλ−α)
Similarly,
TeµX ⊂ lµ ⊕ (⊕α∈∆+Vµ+α)
As dimSec(X) < 2 dimX + 1, there exists α, β ∈ ∆+ suh that λ− α = µ+ β, that
is λ − w0(λ) = α + β. Let's notie that if λ is the highest root, this equation has only
one solution : α = λ and β = −w0(λ) = λ. The variety we get is then the losed orbit
of the ation of G in its projetivied adjoint representation ; it is not a Severi variety
as TeλX ∩ TeµX equals the line [gλ, g−λ] of V0 and so dimSec(X) = 2 dimX .
In the general ase, the existene of two positive roots whose sum is λ−w0(λ) is a very
restritive ondition whih allows us to easily lassify all homogeneous varieties whose
seant variety does not have maximal dimension.
I am now going to study two examples, a lassial and an exeptional one, of reso-
lution of the equation λ−w0(λ) = α+ β. I will use N. Bourbaki's notations and results
(f [1℄).
 root system of type An
Here roots live in Cn+1 and the positive roots are the ǫi − ǫj , 1 ≤ i < j ≤ n + 1.
The fundamental weights are
ωi = (ǫ1 + · · ·+ ǫi)−
i
n+ 1
n+1∑
j=1
ǫi
and w0 = −Id. Thus ωi − w0(ωi) = ǫ1 + · · · + ǫi − ǫn+1−i − · · · − ǫn+1 if i <
n+1
2
and ωn+1−i−w0(ωn+1−i) = ωi−w0(ωi). On the other hand, if α and β are positive
roots, and if α+β =
∑
siǫi, then
∑
|si| ≤ 4. As λ is a sum of fundamental weights,
we an dedue that only four ases an our :
 λ = ω1 or λ = ωn. Then X = IP
n
.
 λ = 2ω1 or λ = 2ωn. Then X = IP
n ⊂ IPS2Cn+1.
 λ = ω2 or λ = ωn−1. Then X = G(2, n+ 1) ⊂ IPΛ
2
C
n+1
.
 λ = ω1 + ωn : adjoint representation.
 root system of type E6
In this ase, roots live in C8 and in the anonial basis (ǫi), the positive roots are
the ±ǫi+ǫj (1 ≤ i < j ≤ 5) and the
1
2
(ǫ8−ǫ7−ǫ6+
∑5
i=1(−1)
νiǫi) with
∑5
i=1 νi even.
Let's onsider the appliation whih sends i to the sequene (λij)j suh that if (ωi)
are the fundamental weights, ωi+w0(ωi) =
∑
j λ
i
jǫj . This appliation is given by :
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1 7→ (0, 0, 0, 0, 1,−1,−1, 1)
2 7→ (1, 1, 1, 1, 1,−1,−1, 1)
3 7→ 1
2
(−1, 1, 1, 3, 3,−3,−3, 3)
4 7→ (0, 0, 2, 2, 2,−2,−2, 2)
5 7→ 1
2
(−1, 1, 1, 3, 3,−3,−3, 3)
6 7→ (0, 0, 0, 0, 1,−1,−1, 1)
Given the formula for the positive roots, (α + β)8 an only be 0,
1
2
or 1 and as
∀i, (ωi + w0(ωi))8 > 0, one an dedue that if λ =
∑
λiωi, only one λi may be
dierent from 0 and then equals 1. Finally, one has the list :
 λ = ω1 or λ = ω6 : variety E6.
 λ = ω2 : adjoint representation.
One an treat all the ases this way, and hek that the homogeneous varieties
whose seant variety does not have the maximal dimension are either adjoint varieties,
X = IPn, quadris, Veronese mappings of IPn into IPS2Cn+1, grassmannians of 2-planes,
possibly annihilating a quadrati or sympleti form, or the losed orbit of the minimal
representation of E6,F4 (a hyperplane setion of that of E6) or G2 (X is then also a
quadri). An immediate omputation of dimension then onludes the proof.
•
4 More geometri properties
We are now going to show that G exhanges X andX∗, and is a birational involution.
I want to prove these properties without using the previous lassiation.
As Dw0G is a linear isomorphism between X and Y , Y is a Severi variety . So let F
∗
be a trilinear symmetri form suh that l ∈ Sec(Y ) ⇔ F ∗(l, l, l) = 0 and l ∈ Y ⇔
F ∗(l, l, .) = 0. Let G∗(l) = F
∗(l,l,.)
F ∗(l,l,l)
.
Proposition 4.1 Let w0 ∈ C
m+1 − Sec(X). Then G∗ ◦G(w0) = w0.
In partiular G denes a birational map from IPm to IPm
∗
with inverse G∗. The
details of the proof of this are left to the reader in [4, p.79℄ and written by L. Ein and N.
Shepherd-Barron ([2, p.78,Theorem 2.6℄). They give two proofs but both of them require
to know that X is homogeneous ; and I pretend to give more elementary arguments.
Proof : As u ∈ Sec(X)⇔ Lw0(u) ∈ Sec(Y ), there exists λw0 ∈ C
∗
suh that
F ∗[Lw0(u), Lw0(v), Lw0(w)] = λw0F (u, v, w) (⋄)
Let w0 ∈ C
m+1 − Sec(X) and l ∈ (Cm+1)
∗
, we want to see that
l(w0)
F (w0)
=
F ∗(w∗0, w
∗
0, l)
F ∗(w∗0)
As Lw0(w0) = −F (w0)w
∗
0, applying (⋄) with u = v = w0 and w suh that Lw0(w) = l
yields :
6
F ∗(w∗0, w
∗
0, l)F
2(w0) = λw0F (w0, w0, w). If we take u = v = w = w0, we get :
F ∗(w∗0, w
∗
0, w
∗
0)F
3(w0) = −λw0F (w0). The quotient of the last two equalities yields the
expeted equality.
•
G onsidered as a rational morphism an be extended to Sec(X)−X by G(p) = p∗
and then G(Sec(X) − X) = Y . Let's denote by G(X) the total transform of X , that
is the set of limits of G(xn) for (xn) any sequene onverging to an element of X . The
next proposition is stated without proof in [4, p.79℄ :
Proposition 4.2 G(X) = Sec(Y ) = X∗.
Proof : We already know that G(X) ⊂ Sec(Y ) sine out of Sec(Y ), G is invertible.
In the other diretion, if yn → y with y ∈ Sec(Y ) − Y and yn 6∈ Sec(Y ), then letting
xn = G
∗(yn), proposition 4.1 yields G(xn) = yn, so G(xn) → y. As xn → G(y) ∈ X ,
y ∈ G(X), and G(X) = Sec(Y ).
As far as the seond equality is onerned, let w ∈ IPm − Sec(X) and w′ = G(w).
We have isomorphisms DwG and Dw′G
∗
respetively between X and Y , and between Y
and (Sec(Y ))∗. So we get a omposed isomorphism X ≃ (Sec(Y ))∗. But by the hoie
of w and w′ and proposition 4.1, this omposed isomorphism is the identity, so that
X = (Sec(Y ))∗ and X∗ = Sec(Y ).
•
We now show that Sec(X)−X is homogeneous. This implies that under the ation
of G, Cm+1 has only one invariant, F , meaning that every G-invariant polynomial is,
up to a onstant, a power of F . We an then use the lassiation of all groups whose
invariant algebra is free (f [3℄) to dedue another proof of the lassiation of Severi
varieties (theorem 3.1).
Let p ∈ Sec(X)−X and P (w0) = 2F (w0)p− 6w
∗
0(p)w0. We start with two tehnial
lemmas :
Lemma 4.1 There exists w0 suh that P (w0) 6∈ Sec(X).
Proof : If F [P (w)] = 0 were true for all w ∈ Cm+1, then we would get, ei-
ther F (w)2F (w,w, p)F (w, p, p) = 0 for all w and so F (w,w, p) = 0 for all w, either
F (w, p, p) = 0 for all w. In the rst ase, polarisation yields also F (w, p, p) = 0 ; so in
both ases p ∈ X , ontraditing the hoie of p.
•
Lemma 4.2 Let ω 6∈ Sec(X). The matrix F (ω, ., .) is inversible.
Proof : This matrix is the dierential in ω of H : w → F (w,w, .). As F (ω) 6= 0, we
an dene in a neigbourhood of ω a square root
√
F (w), wih is not 0, and proposition
4.1 yields that the omposition
w 7→ w0 :=
w√
F (w)
H
7→ F (w0, w0, .)
G∗
7→ G∗[F (w0, w0, .)]
is the identity, so that F (ω, ., .) is inversible.
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•Proposition 4.3 Sec(X)−X is homogeneous.
Proof : Let p ∈ Sec(X) − X and w0 suh that P (w0) 6∈ Sec(X). Let L(w) the
derivative of Lω(p) when ω tends to w0 in the diretion of w :
L(w) = 6F (w0, w0, w)F (w0, p, .) + 2F (w0, w0, w0)F (w, p, .)
−6F (w0, w, p)F (w0, w0, .)− 6F (w0, w0, p)F (w0, w, .)
I'm going to explain why Ker(L)∩ Ker(w∗0) = {0}, so that L has rank at least m. There-
fore, if p and p′ are elements of Sec(X)−X , {Lw(p)} and {Lw(p
′)} ontain open subsets
of Sec(Y ) so their intersetion is not empty, onluding the proof of the proposition.
So let w suh that L(w) = 0 and F (w0, w0, w) = 0. L(w).w0 = 0 yields F (w0, w, p) =
0 ; as F (w0, w0, w) = 0, we dedue F [P (w0), w, .] = 0. As by denition of w0, P (w0) 6∈
Sec(X), lemma 4.2 yields w = 0.
•
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